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Abstract

This article deals with trajectory and force control of a two-link manipulator with elastic links.
The manipulator has a macro-micro mechanism and at the tip of which has a end effector with a
force sensor. Equations of motion are first derived by using a finite element method for the elastic
deformations and then by eliminating the residual modes based on the eigen value analysis, the
reduced order equations for controller design are derived. Geometrical constraints are modeled
by using Lagrangian multiplier. The proposed control system consists of feedforward controller
and feedback controller. The feedforward controller generates the input torques and force based
on inverse dynamics. It also generates the reference signals for the feedback controller based on
inverse kinematics. The calculation methods for inverse dynamics and inverse kinematics are
based on the algorithm which the authors have proposed. Performance of the proposed control

system is verified by numerical simulations and hardware experiments.
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1 Introduction

A manipulator is a mechanical system whose links are connected through translational or
rotational joints. A manipulator is called a flexible manipulator when the elastic deformations of
the links cannot be ignored. One of the tasks for the manipulator is a manipulation of an object.
This task is established by controlling the force acting on the object from the end effector of
the manipulator. Usually, the manipulation task has not been given for the flexible manipulator
because it has not been expected a good performance because of the disturbances of the elastic
deformations. But the flexible manipulator has an advantage on the manipulation task that
it degrades the shock force of the collision with the object because of its elastic deformations.
Therefore, a considerable amount of research has been started on the design of controllers for
manipulation task of the flexible manipulators. In this article, trajectory and force controller of
a flexible manipulator is proposed. From the point of view of structural dynamics, trajectory
control for a flexible manipulator is to control the global elastic deformation of the system, and
force control of a flexible manipulator is to control the local deformation at the tip of the end
effector. Then, it is preferred that trajectory control and force control are separated. In this
work, for this end, the authors treated a manipulator at the tip of which has a small end effector.
The end effector has two degrees of freedom for force control and at the tip of which is mounted
a force sensor. This type of manipulator is called a macro-micro manipulator.

Trajectory and force control of the flexible manipulator is required to control the local dy-
namic deformation at the end of the manipulator. From the previous researches for motion
control of the flexible manipulator, it has become clear that using only a feedback controller
is not always expected to be effective for motion control, and then, a considerable amount of

researches has been done on motion control of flexible manipulators by utilizing feedforward



control. Feedforward control includes two inputs: One is the command signals of feedforward
force/torque which are served to the actuator as the control input. The other is the reference
signals of the state variable which are served to the feedback controller. The former is computed
based on inverse dynamics and the latter is computed based on inverse kinematics. In this
article, a control system for trajectory and force control of a flexible manipulator is proposed
which consists of feedforward controller and feedback controller. Most algorithms for inverse
dynamics and inverse kinematics which have proposed so far are iteration methods and have
a problem on convergence of solutions. The authors have proposed an algorithm for inverse
kinematics and inverse dynamics in which the equations of the elastic deformations of the links
are reformulated as boundary value problems. This algorithm is one shot calculation method,
which has no problem on convergence of the solutions.

Performance of the trajectory and force controller has a strong influence with the friction in
the mechanism of the manipulator or between the end effector and the surface of the handling
object. But it is not realistic to derive the model of the friction neither to consider it for design
of the control system, because the friction has a large variance depending on various situations
and it is too difficult to identify the parameters of the friction. Therefore, the proposed control
system has no heuristic information on the friction. The effect of the friction is investigated by

numerical simulations and hardware experiments.

2 Model

In this section, equations of motion of the manipulator are derived. The manipulator consists
of four bodies (Figure 1). Bodies 1,3 and 4 are rigid rods and body 2 is an elastic beam, whose
elastic deformation occurs in a plane perpendicular to the rotational axis. Body 1 is put on a

base-mount with a rotational joint (joint 1) and bodies from 1 to 3, in this turn, are connected to



the next through rotational joints. Body 4 is connected to body 3 through a translational joint.
Rotational actuators are installed at joints 1, 2, 3 and the axes of which are perpendicular to
a sagittal plane. Translational actuator is installed at joint 4 and moves linearly in the sagittal
plane.

Several dynamic models of constrained flexible manipulator have been proposed. The mod-
eling method in this work is as follows: The elastic deformation of body 2 is modeled by using
finite element method. Since the derived equations of motion become to be high dimensional
equations, the reduced dimensional equations are required for controller design, which are de-
rived in section 3. The geometric constraints in the direction of normal vector of the surface of
the object are formulated by using Lagrangian multiplier method. In tangent direction of the
surface of the object, the model of friction between the end of the manipulator and the surface

of the object is formulated combining the static friction and viscous friction.

0 (0

Introduce a set of unit vectors {a(?)} = {ago), a,’, ay )} fixed in an inertia space, the origin

of which coincides with joint 1. Vector ago) coincides with the axis of rotation and vector ago) is

()

set downward. A set of unit vectors {a()} = {agi), a, ,a:(;)} is introduced, the origin of which

(@)

coincides with joint ¢ (i = 1,2,3). Vector a3’ coincides with the axis of rotation of joint ¢ and

vector agi) is set toward the axis of body ¢. Using a set of unit vectors {a(i)}, following matrix

is introduced,

1,@57,0a;3

(@)

By introducing the angles of rotation from {a()} to {a()} about a}’ axis as 0:(;']‘

)

, transfor-
mation matrices from {a()} to {a()} are defined by A,
The angular velocity vector of {a(?} to {a?)} is defined by w(®)

W) = [a(i)]Tw(ij)

ST~ 0,0, 0 |



The following quantities are introduced,
() = [a®])Tr(); a distance vector from joint 4 to joint i +1 (i =1, 2).
RY = [aM])TR®; a distance vector from joint 7 to C.M. (center of mass) of body .
r£4) = [a(S)]TT£4); a distance vector from joint 3 to C.M. of body 4.
) = [a®)]Tr®; a distance vector from joint 3 to the end effector.
r,(34) = [a(S)]TT£4); a distance vector from C.M. of body 4 to the end effector.
(rgl) =@ — r£4))
pld) = [a(i)]Tp(i); a distance vector from joint ¢z to any position in body .

The elastic deformation of body 2 is denoted by w(?).

w? = [aP]Tw?
3
W7 = [0, w47, 0 @)
The elastic deformation of body 2 is modeled by using finite element method. (See appendix)
Body 2 is divided into N finite elements, which are numbered as 1, 2, ---, N from joint 2 to

joint 3. The nodes are also numbered as 0, 1, ---, N from joint 2 to joint 3. Joint 2 and 3 are

nodes 0 and N, respectively. The elastic deformation wgz)(t, pgz)) is expressed as

wi?(t, p1?) = BA ()P (1) (4)
~(2)T ~1(2 ~(2 ~1(2
adt = @y, ayy, oy

(2) ~/(2) ~(2) ]

Ty WeN 9 WyN o5 Wy N g

(2)

where Wy 1

and @2(31) are the elastic deformation and the angle of rotation at node n, respectively.

At nodes 0 and N, we may set the following condition;



A state variables z of the system are set to be
10 21) . (2)T ,(30 4
[0, 8, a7, 0, ] o
The equations of motion for state variables z are derived as follows;

%<ﬁ£1>m1>>(1> i </~)£1)T(:)(10)Tv(1)>(1)

= (DT 1) _ (GO _ (DT 4(12) £(2)

() 402).2) (6)

%<ﬁ§2)TU(2)>(2) i <[~)£2)T@(20)Tv(2)>(2)

— _7:£2)Tf(2) - (;(Z)T — ;£2)T)A(23)f(3)

(2 4(23),.3) (7)

di<ﬁ£3)Tv(3)>(3) i <ﬁg3)T®(30)TU(3)>(3)

~

= BT ) (GO _ 3T 43 f(4) | (3) (8)

4 <v(4)>(4) D <v(4)>(4)

U
~

= 1) _ () 440) 5 4 4(40) £(e) (9)

where v() is the linear velocity of C.M. of body i and # is the cross product.

The equations for variables 0:(,’10),9:(,,21), 9:(332)

are derived from the equations of the momenta
of bodies. Equation (6) is that of total angular momentum of bodies 1 through 4 at joint 1,
equation (7) is that of angular momentum of the subsystem, bodies 2 through 4, at joint 2,
equation (8) is that of angular momentum of the subsystem, bodies 3 and 4, at joint 3 and
equation (9) is that of linear momentum of body 4.

(2)

In addition, equations of motion for variable w,™’ are derived from the equations of elastic



deformation of body 2 as follows;

da ( B<2>TU<2>>(2) +( B(2>T@<20>Tv<z>>(2>

dt
+K@5® 4 p@ g2
= ( B<2>T>(2> A20)
— BT (7(2)) 4(23) £(3)
BT 4 BT w0
where,
. ) ) . 1 . .
o = = = / 20 i ()
< x>0 = /*dm(i)
EY =10 - 0 0]
EY = oo -0 1]
m® is mass of body i, f() = [a)T £ and 7() = [aD]T7() are force and torque acting on

body 7 at joint . f(e) = [a(o)]Tf(e) is force acting on the surface of the object through the end

effector.



The forces f() (i =1,---,4) are expressed as

O = %<v(1)>(1) 4 o007 <v(1)>(1)

— (400 g 4 402) )
o %@(2)}(2) L+ 0T <v<2>>(2>

C @ AC0) g 4 4(20) 40

(11)

O %@(3))(3) + 5007 (4®)

—m®3)ABG0) g 4 ABO) £(4)
@ %<v<4>>(4> L+ 0T <v<4>>(4>

— ) 4(0) g 4 4(40) 40

where ¢ is a gravitational constant.
The surface curve of the target object is modeled as [ag]? ®. The geometric constraint of the

tip of the manipulator in the normal direction of the surface is formulated as follows;
d = A1) 4 4(02).(2) 1 4(03),.03) . 4(04),.(4)

On the other hand, the model of friction between the tip of the manipulator and the surface

of the object in tangent direction is formulated as follows;

—fo sgn(il &) — v ali@); i e)] > e
(constrained); i?f(e) <pu igf(e), |i?i(e)] <e

%; : tangent vector of the surface of the object
iy, : normal vector of the surface of the object
fo : bias friction force

v : coefficient of viscous friction

1 : coefficient of maximum static friction



3 Control system

This section deals with design of the control system for trajectory and force control of the

manipulator.

3.1 Basic equations

Reduced dimensional equations are derived as follows: At first, a nominal posture of the
manipulator is determined corresponding to the manipulating situation. Motion of joint 1 is
fixed to the nominal position. The motion trajectories of joint 2 through 4 are controlled by
appropriate feedback control using the nominal values as reference signals. The equations of
motion are linearized around the nominal values corresponding to the given nominal posture
of the manipulator. By analyzing the eigen values of the linearized equations, the modes are
picked up as the controlled modes which have low natural frequency and have large effects on
the position of the end of the manipulator. The reduced dimensional equations are composed
of the controlled modes.

(2)

Variables @y 03 are expressed as follows;

af? = Ug
¢ = lq, s gl
S 41 (10)
+{Pw®) + BO(p{P)Ug}
m : number of controlled modes

where, U is composed of eigen vectors of < BT B(2) >(2)71K(2), and satisfies following con-

ditions.
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U = [e1er -+ en]

e; . eigen vector of < BT p(2) >(2)_1K(2) (i=1,2,---,m)

Equation (10) is alternated as following one by substituting @gz) into equation (10);

% (U7 BT 4 T (BOTEeT@) g
+UTK®PUq+U"DPUyq

=07 B<2>T><2> A0,
_UT BT (5(2)) 423) £(3)
+UTED" 7D 4 uTET () (12)

3.2 Controller

The proposed control system consists of feedforward controller and feedback controller. The
feedforward controller generates the input torque and force based on inverse dynamics. And it
also generates the reference signals for the feedback controller based on inverse kinematics!!6.
At first, inverse kinematics is implemented as follows: A desired trajectory :B((ie)(t) = [a(o)]Tx((ie)

of the end effector and desired force f&e) (t) = [a(o)]Tflge) acting on the surface of the object

through the end effector are given as functions of time ¢.

z) = [0 (1) (13)
$ = a0
The nominal position and posture of body 4 are given as
T£3)2 = const.
(e)
63 = tan ! (—8$§2)> (14)
8:5;1
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Under the condition of equation (14), equation (13), we obtain the equation to determine the

60 g21)

angles of rotation 6,7,

x((iel)( t)= rMcos 0(10) + 7@ cos 9(20)

+’I“£ ) CoS 9(30) (r £d)2 + ’I‘g )) sin 0(30) -
2 (t) = r@sin 0.%@ 1 (2 in 627

(4) sin 9(30) + (7"&2)2 + r£4)) cos 9&%0)
Next, substituting the desired force fée)( t) and the obtained angles of rotation 9(10)( t), 0&?)( t)

into equation (10), we obtain the equation to determine the elastic deformations qg4(t).

 (omcont2? = D s b2 — a0 conZ)) 07 < BT 5

- (20)

_wd3 UT<B§2)Tpg2) )T )T

>®) 4+ UTEP" + Q. UTE

Q= @ +m D) cos6f) — (O +m () sin oGV} o)

+’r52) {(m(g)rg) + m(4)7“£3)1) cos 0((;2) (m (). (3) + m®y (4 ))cos 0(31)} ((iéo)

+(I®) 4 JW)E (30)
Q1 = Q2

D (D 4 () 1 O cos 4205419
O 8 con 5 — (D + s o
B2 L) 4 (i 1 ®), Y i g2
_w((l?;o)?Tg?){(m(:a)rg)+m(4)r£‘;)l)sin9((i3§2)+( 33 4 @)y ())Cosg(w)}
+{m®@r® 1+ (m® £ m®)r?} gy cos 42
LD 0029 — 9119 con 020

M® = UT < BPTBP SO Uy _uT <« EATc® @) 1

K® = uTk®u
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where, C(?) = [< ,0§2)B§2) >0, -+, 0].
Equation (16) is a set of second order ordinary differential equations and is to be formulated

as an initial value problem with the initial conditions as
t=0, qd = Qd =0

However, since the coefficient matrix of §; is not positive definite, equation (16) is not well
posed as an initial value problem. Here, equation (16) is formulated as boundary value problem

with the boundary conditions

t= qd = qd;
’ 17
) a7)

where, t; is a time interval of manipulation, and gg;, ¢4 s are values of static deformations in
the initial and final configurations.

As boundary value problems, we can obtain a stable solution numerically, but the elastic
deformation g4 obtained has certain velocity at the beginning of manipulation. This velocity
is affected by smoothness of acceleration in initial state. Therefore, the appropriate trajectory
m&e)(t) should be given as sufficiently smooth acceleration.

When the angle of rotation 0(%0)@) and 0((1?)@) and elastic deformation g4(t) are obtained by
inverse kinematics, inverse dynamics is used to calculate the input force fy)(t) which realize the
desired motion.

Input force fy) (t) is calculated by using equations (6) and (7).

Here, fgl) (t) is expressed as follows;
fcg‘zl) —m® (Tgl)é(%o) oS 951?;1) + (2)9(20) + (4)9(30) _1_9'%0) (1) g; 9(31) (20)2 (2) 9(32)
—9'((130)27"%)2) +m®g cos o 30) + f 51n0 30) f cos@ 30) (18)

By using the above result, the input commands to the motors at the joints are designed as

13



follows;

7D = K05 - 65'7) + K5V (65 — 65') (19)
Tc(2) _ Kf)(qﬁ,%l) _ ¢§,21)) + KEJQ)( ‘&231) o '%21)) (20)
7 = K (05 - 057 + K§ (65 — 65) (21)
19 = 183+ KO = 1)+ kO [(57 = 1) (22)
oS =0 + EPUg (23)

Feedback gains are determined as follows: First, consider deviations of variables f2(e), q, and

the derivatives of them from the nominal values.

z = ¥4+ Az
z = Z+Az (24)
f2e) = cg;)"'Af;)
Following vector is defined.
t T
X = [ A: Az / AfDat ] (25)
0

Substituting equation (24) into equations (6), (7) and (10) to linearize them, following equations
are obtained.

X = H ()X + Hy(t) (26)

Equation (26) is a linear ordinary differential equation which has time variant coefficients.
Feedback gains are determined by analyzing the eigen values of the equation considering time ¢

in the coefficient as a parameter.

4 Numerical simulation and hardware experiment

The proposed control system is designed based on the reduced dimensional model and uses no

a priori information about properties of the mechanical friction nor the friction between the end

14



of the manipulator and the surface of the object. The influences of the friction to performance
of the proposed control system and instability of spillover are verified by numerical simulations
and hardware experiments. The values of parameters of the manipulator are listed in Table 1.

Figure 2 shows the result of eigenvalue analysis in order to derive the reduced dimensional
equations mentioned in section 3. The horizontal axis is frequency and the vertical axis is
normalized position of the end of the manipulator. The reduced dimensional equations for
design of the control system include from 1st to 3rd modes. While the reduced dimensional
equations for numerical simulation include from 1st to 6th modes.

Desired trajectory of the end effector, :cgle) (t), and the desired force acting on the surface, f((ie),

are given as follows;

Y = 100 [N

(e)

25 (¢ 0.67 — 0.22(—252¢ + 1386#° — 3080%° + 3465 — 198077 + 462#%) [m
a (1)

(e) _

Lao =

—0.077 [m] (CASE 1)
{ —0.077 — 1/0.6252 — ({2 () — 0.67)% [m] (CASE 2)

where, t = t/t;, t; = 2.0 [sec].

The surface in CASE 1 is a flat horizontal plane below the height of joint 1 and that in CASE
2 is a part of circular cylinder.

At first, performance of the proposed control system is verified by numerical simulations.
Figures 3(a),3(b) are the effects of friction on performance of the control system. In figure 3(a),
horizontal axis is desired contact force f(gg) and vertical axis is the error of the controlled contact
force. Figure 3(b) is a magnified figure of figure 3(a). From these figures, it is found that the
friction between the end of the manipulator and the surface of the object has a strong effect on
accuracy of motion control, while the mechanical friction at joint 4 has a strong effect on force

15



control.

Figure 4 indicates the time history of the contact force acting on the surface of the object
in CASE 1. Figure 5 are the results of CASE 2. The properties of friction are identified by
experiments in advance. In the figures, solid line is the result of the case that two types of
friction are taken into consideration, friction between the end effector and the surface of the
object, and that of linear actuator, joint 4. Dashed line is the result of the case that there is
not friction of the linear actuator, joint 4, but friction model between the end effector and the
surface of the object.

The peak errors in figures 4(b) and 5(b) are due to the effects of stick-slip caused by the
mechanical friction at joint 4. While the peak errors in figures. 4(a) and 5(a) are due to the
effects of stick-slip caused by the frictions between the end of the manipulator and the surface
of the object.

Next, performances of the proposed controller are also verified by hardware experiments.

Figure 6 shows the hardware equipment. Figure 7 shows the architecture of the hardware
equipment. Figures 8 and 9 show the results of hardware experiments. These figures express
the time history of the measured reaction force at the end effector. Actually, it was difficult
to measure the position errors of the end effector accurately by using the hardware equipment.
From figures 8 and 9, due to the friction of joint 4 (linear actuator), the contact force acting on
the surface of the object caused some deviations from the desired value, but except that peaks,
the behavior is considerably similar to the result of numerical simulations. We can conclude
that the proposed controller has a good performance when we use a linear actuator which has

small friction.

16



5 Conclusion

In this article, the control system for trajectory and force control of the flexible manipulator
is proposed. The proposed control system consists of feedforward controller and feedback con-
troller. Performance of the control system for trajectory and force control has a large influence
from the friction between the end of the manipulator and the surface of the object. We can
conclude that by using feedforward controller and feedback controller utilizing the signals of

force sensor, the proposed control system has a good performance for force control.
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Table 1

‘ Body 1 ‘ Body 2 ‘ Body 3 ‘ Body 4 ‘

Length [m] 0.500 0.550 | 0.0276 | 0.120
Mass [kg] 23.70 0.426 0.444 0.288
Bending

Stiffness [Nm?] - 0.864 - -
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Position of the end effector
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Fig. 1 Four body manipulator system
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Fig. 2 Result of eigenvalue analysis
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Error of contact force [N]

Error of contact force [N]
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Fig. 3 Effect of frictions
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Trajectory error of the end effector [m]
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Fig. 4 CASE 1
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Trajectory error of the end effector [m]
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Fig. 5 CASE 2
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(b)

Fig.6 Hardware equipment

(a) Manipulator system

(b) End effector
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Fig. 7 Architecture of the hardware equipment
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A Appendix
---, N from joint 2 to

Body 2 is divided into N finite elements which are numbered as 1, 2,

joint 3. The nodes are also numbered as 0, 1, ---, N from joint 2 to joint 3.
e
T Body 2
Joint 2 Nbint 3
[a® —p§2)
0 1 2 n N

An elastic deformation in nth element, wg?, is expressed as

2 2 3 2
w0 p?) = |oh - Sad 4 Sad - Jad 4
@é(?z)l(t)
(2
5 2 1Ly 1 3] | Wy (t)
7,’,En — *mn — 7:1:714 + —.’L‘n Ay
12 I3 i 12 Igzr)L(t)
i) (8)
where,
0 ;0<p§2)<(n—1)l
Tn = P(12) —(n=11l ;(n=-1)I< p(12) < nl
0 il < pf?
2
N

52 elastic deformation at node n

2,n

@2(7721) : angle of rotation at node n

At nodes 0 and N, we may set the following condition;

~(2 ~(2
3 = =0

Then, an elastic deformation in body 2 is expressed as
2 2 2y ~
wf? (1. p17) = BOG) @) (1)
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where,

[0 B B,

= [}

_(2)

Wy o
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